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Abstract 

We study the relation between a given set of equations of motion 
in configuration space and a Poisson bracket. A Poisson structure is 
consistent with the equations of motion if the symplectic form satisfy 
some consistency conditions. When the symplectic structure is com- 
mutative these conditions are the Helmholtz integrability equations 
for the nonrestricted inverse problem of the calculus of variations 8 . 
We have found the corresponding consistency conditions for the sym- 
plectic noncommutative case. 

1 Introduction 

A deep reconsideration of some fundamental concepts of the past cen- 
tury physics is a sign of our present time. One of these fundamental 
concepts is space-time that was largely considered as a background 
scenario where the dynamics take place. In addition, it is now be- 
lieved that some intrinsic properties of space-time could be very dif- 
ferent from the usual ones at some high energy scale. Inspired from 
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Open String Theory and Loop Quantum Gravity the idea that the 
smooth geometry of space-time has to be replaced with a noncommu- 
tative geometry is now a very active area in the quest to search for 
new physics whose wide scope runs from phenomenology to physical 
theory and mathematical research. In string theory this idea can be 
implemented from a certain sigma model with appropriate boundary 
conditions. When we allow for space-space noncommutativity the low 
energy limit of this model produces a noncommutative field theory 2 . 
If we allow for space-time noncommutativity a particular low energy 
limit produces a noncommutative open string theory [3]. The noncom- 
mutative field theories are defined by a deformation of the algebra of 
classical field functions on space-time where the standard product is 
replaced with a new noncommutative * Weyl-Moyal product [3J. Gen- 
eralizations of these ideas to the case when the noncommutativity 
parameter depends on space-time are also a current area of research 

These theories are deformations of classical field theories in the 
same sense as a particular deformation of a classical theory can pro- 
duce a quantum theory. In order to include the effects of noncommu- 
tativity in classical and quantum dynamics we could wonder if this 
deformation procedure can also be applied in such cases. The answer 
is in the affirmative but the structure to be deformed is not the space 
time but the phase-space symplectic structure. A clear objection to 
such procedure is that a symplectic structure can be deformed by a 
redefinition of variables in phase space (Darboux transformations). 
We can always recast the symplectic structure in the standard Dar- 
boux form using the (q,p) phase space variables. As a result of this 
transformation we will end with a new modified Hamiltonian. It is 
indeed possible to construct interacting models from a deformation of 
a. In general these interactions do not preserve symmetries and are 
non-local upon quantization. The standard lore is to define a non- 
commutative classical system (NCCS) by a Hamiltonian of the form 
H = T -\-V and a symplectic structure that implements the noncom- 
mutativity between the coordinates of the configuration space. This 
two classically equivalent perspectives are, in general, not equivalent 
at quantum level (the Darboux transformation is not a unitary trans- 
formation in quantum mechanics). 

This approach can be implemented also in field theory [Jj. We 
will call these resulting field theories symplectic noncommutative field 
theories. They include the effects of noncommutativity through a 
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deformation of the symplectic structure with the property that the 
Poisson bracket between fields at different space points is different 
from zero. The new parameter that controls this symplectic noncom- 
mutativity could be used as a natural cut off and/or as a model for 
Lorentz violation at certain scale. 

It is well know that we can specify the dynamical content of a 
classical theory in different but classically equivalent ways: a) by the 
equations of motion in configuration space (i.e., the forces), b) by 
a Lagrangian in the tangent space of the manifold that define the 
configuration space or c) by a symplectic structure a and a Hamilto- 
nian 1 . Quantum mechanics needs global information from the classical 
mechanics description. This global information is used by quantum 
theory to account for fluctuations of classical solutions 2 . Indeed the in- 
formation encoded in a) is not sufficient to quantize a classical system. 
For NCCS the natural way to specify the dynamical information is to 
encode it in the form c) . Here we are interested in the consequences of 
symplectic noncommutativity in configuration space. We will provide 
the dynamical information by means of the equations of motion and 
the symplectic structure. This information can not be specified in an 
arbitrary way. Given the forces, the symplectic structure a must sat- 
isfy some dynamical consistency conditions. The aim of this letter is 
to find and analyze these dynamical consistency conditions between 
the given forces and a noncommutative symplectic structure. Gener- 
alizing the analysis presented in 8J where the authors found that the 
dynamical consistency conditions between commutative commutation 
relations (CCR) and a given set of equations of motion in configura- 
tion space are precisely the Helmholtz conditions for the existence of 
a Lagrangian in tangent space, we will present here the correspond- 
ing dynamical consistency conditions for the case of noncommutative 
commutation relations (NCR). We will show that these consistency 
conditions do not imply the existence of a Lagrangian for the given 
set of equations of motion (i.e., they are not any more the Helmholtz 
conditions) . They could be regarded as a deformation of the Helmholtz 
conditions in the sense that they can be written as the Helmholtz con- 
ditions plus terms that depend on the noncommutative parameter 9. 
If one insist on the existence of a Lagrangian in tangent space the 

^The relation between a first order formulation of the dynamics and the inverse problem 
of the calculus of variations in tangent space was worked out in ^B] and (T2|. The inverse 
problem of the calculus of variations in the first order formulation was studied in |18j . 

2 Recall for example the path integral approach to quantization. 
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Helmholtz conditions will be satisfied. It turn out that the remaining 
conditions on the forces that comes from these 6 dependent terms are 
very restrictive. In fact, for isotropic central potentials only polyno- 
mials up to second degree in the coordinates satisfy these conditions. 

The quantization of a given set of equations of motion in configu- 
ration space can be performed either by using CCR or NCR providing 
that the corresponding consistency conditions are satisfied. The re- 
sulting quantum theories are in general nonequivalent. It also could be 
the case that the system can not be quantized using CCR because it 
does not have a Lagrangian (i.e., the standard consistency conditions 
are not satisfied) but nevertheless it can be quantized in a consistent 
way using NCR (when our new consistency conditions are satisfied). 
As a consequence of our results we can state that a consistent quanti- 
zation of the given equations of motion is possible by solving the new 
conditions, even when a Lagrangian function does not exist. 

We will present also a generic solution to these new consistency 
conditions. This solution is the analogous of the standard solution of 
the inverse problem of the calculus of variations for forces that come 
from a potential function. 

Previous attempts to analyze the same problem that we are ad- 
dressing here are [HI E3J) but the scope of these references is very 
limited and in the case of the second reference the proposed general- 
ization of the CCR is inconsistent. That noncommutative symplectic 
structures may have deep consequences in the study of the inverse 
problem of the calculus of variations in tangent space was first ob- 
served in [111 1141 [TH] . In particular, in the author conclude that 
the equations of motion in configuration space should be deformed in 
such a way that they are not more of second order in time derivatives 
but of third order. We are exploring the possible relation between this 
result and the consistency conditions that we have found here. 

The organization of the letter is as follows: in section 2 we will 
present our new consistency conditions generalizing previous results. 
In section 3 a generic solution to the new conditions is constructed. 
We present an nonequivalent quantization for the case of the harmonic 
oscillator and a consistent quantization of a system that does not have 
a Lagrangian. Finally, the conclusions and some possible consequences 
of the extension of our results to the case of field theory are the content 
of section 4. 
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2 Consistency conditions for NCR 



Given a set of equations of motion in configuration space 

x i -F i (x i t x i ,t)=0 1 (1) 

and the NCR 3 

[x\x j ]= g ij (x,x), [x\x j ]=e ij , (2) 

where g %3 is a symmetric matrix and 9 13 an antisymmetric constant 
matrix, we say that the NCR are compatible with the given equations 
of motion Q if using 4 

§ ll A, B] = [ §-A, B] + [ A,-§ i B ] , (3) 

where 

D ^ d .,S d 

= F r + X r H 

dx l dx l dt' 
we can construct a matrix and a matrix I? 1 - 7 defined by 

B ij = [±\x j ], 

that depends on g v , y and F l in such a way that the corresponding 
symplectic matrix a is consistent with the Leibnitz rule (jSJ) and the 



3 We will identify the commutation relations with the corresponding classical Poisson 
brackets relations. At a formal level we can use canonical quantization or Moyal-Wigner 
deformation quantization to relate our results with the quantum ones. If a depends ex- 
plicitly on time we can reparametrize the classical theory and use the technics developed 
in ^21 to obtain results analogous to the ones presented here. 

4 Notice that this condition is not the standard Leibnitz rule. In fact it implies a 
dynamical compatibility between the bracket and the dynamical vector field along the 
solution curves of the equations of motion. If we define the bracket by 

where z a = (x l , i J ) then the condition © imply 

C F {a ab ) = 0, 

where Cf is the Lie derivative along the solution vector field associated with the system 
JU . The content of this condition will appear as the Helmholtz conditions in the following 
paragraphs. 
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Jacobi identity. So we will have a set of conditions that involves the 
basic matrices g tJ , Q %3 and the forces that define the system F l . We 
will call these conditions dynamical consistency conditions. When the 
noncommutative parameter Q %3 is zero, it turns out that these consis- 
tency conditions are the Helmholtz conditions for the non restricted 
inverse problem of the calculus of variations |13j associated with the 
equations of motion (^Q) i.e., the integrability conditions of the partial 
differential equations 

EL i (L)=g ij (x 3 -F 3 (x,x,t)), 

for the function L. Here ELi is the Euler-Lagrange operator and L is a 
Lagrangian function for the given system. Indeed when a Lagrangian 
exists, we can conclude following ^8_, that a consistent quantization of 
the system is possible if and only if it comes from a variational principle 
with Lagrangian L. This is the content of the No Lagrangian?, No 
quantization! lema. 

Our task is now to find these consistency conditions when 6 lJ is 
different from zero. A straightforward calculation gives 

[x\g 3k ] = [x 3 \g% (4a) 
R-^ 3 = h [X \F 3 ] + l -[x 3 J F% (4b) 

R-B i3 = [x\F 3 ]-[x 3 ,F% (4c) 

where 



B i3 = [x i ,x 3 ] = ~[x i ,F 3 ] + l[x 3 ,F i ] 

~ 2 [U dx* ° dx* ) + 2 [9 dx* 9 dx" h (5j 

and g %3 a symmetric matrix (this is a simple consequence of jyiix 1 , x 3 ] = 
0). The first set of equations (|4a[) comes from the Jacobi identity 
[x l , [x 3 ,x k ]] + (ijk) = 0. The equations (|4b|) come from the derivative 
of the first bracket in (J2J) symmetrizing and adding the two equations. 
The equations (|4c|) come from the derivative of the definition of the 
matrix B. The matrix B in © can be constructed from the equations 
(|4b|) and using the definition of the matrix g ij . 

We can write these conditions as the Helmholtz conditions plus 
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terms that depend on the noncommutative parameter 9 

9ij = 9ji, (6a) 
%j dg ik 

a± k " an +L ^-°' (6b) 

D 1 / BF k dF k 



Wt 9ij = — 2 (9*o&+9Jk-Q#) (6c) 



D dF k dF k ,:, 

Dt* = 9*QZ--9jk- B jr + N ij , (6d) 



where 



_ I dF k BF k . 

tij — o \9ik 9jk 



and Lfj k , M^, Nf- are terms that depend on 6. Explicitly they are 
given by 

t9 _osl n ®9ij orl n ®9ki 

L vk~V 9sk-Qj-V 9n-gj, 
1 B F s B F r 

D B TP m B j?l 

K = 9u 9m3 {- w b lm + b lk wr - V* w ) + g lk ( tlj Mf k - tuM^l 

where 



1 B F 1 * B 

Here gij denotes the inverse matrix of our previous g lJ . If one insist in 
the existence of a Lagrangian for the original system Q or if it already 
exists then the subsidiary conditions = 0, Mfj = 0, Nfj = must 
be satisfied, namely 

■ BF ] BF % 

« ra ^ + <^ = ». en.) 

These equations impose very restrictive conditions on the forces F l . 
As an example consider the case of a force proportional to r n where 
r = yY^i x%x% ■ The subsidiary conditions Q imply that the only 
solutions for n are n = 0, 1,2. So, among the isotropic central forces 
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the only system that admit both CCR and NCR quantization is the 
harmonic oscillator. This means that at least we can give two different 
pairs (er, H) which have the same second order equations of motion in 
configuration space. In spite of the classical equivalence of the two 
formulations the resulting quantum theories are nonequivalent. This 
follows from the fact that the parameter 6 breaks the degeneracy of the 
harmonic oscillator spectra. Explicitly for a two dimensional isotropic 
oscillator quantized using NCR we have 

E m ,n = v[(m + n) + 9u(m— n) + 1], (8) 

where n, m are two non- negative integers and u is the frequency of the 
isotropic oscillator. For details of this calculation we refer the reader 
to the appendix. To fully appreciate the content of this quantization 
of the harmonic oscillator it is important to notice that here we are 
starting from the equations of motion of the harmonic oscillator and 
a compatible symplectic structure, i.e., a solution of eqs. (jHJ), given 
the force of the isotropic harmonic oscillator. The classical system 
defined in this way is the standard harmonic oscillator. Upon quan- 
tization, using standard methods we arrive at the nonstandard result 
(jHJ). The quantization of the noncommutative oscillator JHj is quite 
different. There the starting point is a NCCS with the Hamiltonian of 
the isotropic oscillator in two dimensions and a symplectic structure 
that implements the noncommutativity of the configuration space co- 
ordinates. This system is not the standard harmonic oscillator. Its 
quantization also produces a spectra that depends on the parameter 
9. In the next section we will study these NCCS as a special case of 
the results that we have obtained in this section. 

3 Generic solution of NCR dynamical 
consistency conditions 

To find a solution of the dynamical consistency conditions (@J) we will 
try to explore the type of forces that these conditions allow. The 
forces that come from a potential function are ruled out because the 
subsidiary conditions on them are too restrictive. We wonder if it 
is possible to guess a generic form of the forces that are compatible 
with the dynamical consistency conditions. Fortunately there exists 
at least one type of generic forces that allow us to find a solution 
to the consistency conditions. This solution is the analogous of the 
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corresponding solution of the Helmholtz conditions for forces that are 
derivable from a potential function. Consider forces of the form 



dx % dt dxi ' 



for a "potential function" V(x). This type of forces arise in the first 

h 



order formulation for a Hamiltonian function of the form H = hp 2 + V 



with the symplectic structure 

[a;V]=0tf \pi, Pj } = 0, [x i , Pj ]=5 i j , (10) 

i.e., from a NCCS with potential V. The Hamilton equations of mo- 
tion associated with a NCCS are 

x i + 6 ij p j -p i = 0, (11a) 
dV 

(llb) 

Forces in configuration space of the form Q can be deduced from these 
first order equations by using the set l)llbjl and taking the derivative 
with respect to time of the first set of equations (|lla|) . Notice that 
this reduction of phase space variables to the configuration space is 
nonstandard, i.e., the momenta are not auxiliary variables. So we can 
not use this reduction to obtain a Lagrangian for the system whose 
forces are of the form 0. This reduction is not "variationally admis- 
sible" ^1] . In particular the map from the space of initial conditions 
of the first order system (|lljl. x l (to) = x % Q ,pj(to) = pj , where to is 
the initial time, to the configuration space is quite not standard. This 
map is 

x%) = 4, (12) 
dV i 

-OikQrf +x l \(to) =Pio- (13) 

An interesting observation is that these initial conditions are not the 
usual initial position and velocities of Newtonian Mechanics but de- 
pend on the symplectic matrix a and the dynamics through the "po- 
tential function" V(x). Of course we can recover the standard case 
when we use CCR. 

To obtain the conditions on the integrating factor g tJ and the func- 
tion V, we will use the forces © in the dynamical consistency condi- 



9 



tions Q. The result is 



j/ j = \ (g ik e jl v k i - e u v 3l + o lk e 3l jV lk + (» <- j)) , (Mb) 

= g u V jt - 9 jl g ik ^Vi k + 
Dt y 3 y eft 

i^Vz* (o ik v kr - e kr v„. + ir / n Kn - e kr g m v Tn ) - (i <- j), (14c) 

where 

B« = i - 9i l g in V ln - V l V u + 6 u g^V ln ) , (15) 

restricting the dependence of g 13 to the coordinates and using the 
notation Vj, = 

From equation Q14b|) we can guess a solution of the form 

g n = gij + e in 9^ m v nm . (16) 

It turns out that this guess is in fact correct. It solves all the re- 
manning conditions for any function V{x). We conclude that the 
symplectic form 



[ x \x 3 ] =5)+ m 0> m V nm , [x\xi\ = 0* (17a) 
1 

—I 

2 



[x\ it] = 9 il V 3l + -e il W r O ns V ln V rs - (i <-> j), (17b) 



is compatible with the system 

This imply that the classical system defined by the equations of motion 
1)18(1 and the symplectic form (|17|) can be consistently quantized. 

Two comments are in order. The relation between the momenta 
and the velocities given in l|llj) 

!>■ ""^J- (19) 

with the identity mapping for the configuration space can be used to 
map the symplectic form (|17|) to the symplectic form (|1U() . So the 
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equations of motion Q18JI can be obtained from the pair (a, H) as we 
have presented them in the previous paragraph or it can be deduced 
from (|17|) with Hamiltonian 

H = -(x i -6 ij ^) 2 + V. (20) 

The two formulations for the system ()18j) are classically equivalent 
but, in general, they give different quantum theories. In this way we 
have two classically equivalent formulations of the noncommutative 
dynamics given by a general Hamiltonian function H = T + V whose 
associated quantum theories are different. If we quantize the non- 
commutative harmonic oscillator of I!) using (|2()|) and (|17j) we will 
obtain a different energy spectra with a different dependence on the 
parameter 9. 

Notice the important fact that in general (up to the linear and 
quadratic potentials) the system does not have a Lagrangian, i.e., the 
solution presented in (|17|) is not a solution for the Helmholtz condi- 
tions. Nevertheless it can be quantized in a consistent way. 

As an example of a NCCS that does not admit a variational for- 
mulation we can consider the system defined by the potential function 
V = ^uj 2 x 2 in two dimensions. It is easy to prove that this sim- 
ple system does not have a second order variational formulation but 
nevertheless it can be consistently quantized. The system is 

x = -oj 2 x, (21) 
y = -6u 2 x. (22) 

Using the first order representation given by the standard Hamilto- 
nian H = 7}p 2 + V with the associated momenta given by (|19|). the 
symplectic form is 

[x,y]=6, [x,p x ] = l, [y,p y ] = l. 

The other brackets are equal to zero. Taking as a basis for the Hilbert 



space \x',p' ) the propagator is 



(x",p";t"\x',P v ;t') = ~ e -i^|c°t(^)(^ + ^ V , M 
y'sin(wT) 



(23) 



where k is the constant value of p y , and T = t" — t' . The constant D 
can be determined using the condition that when we take the limit of 
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Q23|) as t" — > t' the propagator is a Dirac delta. This result does not 
depends on the noncommutative parameter 9 but this is an effect of 
the choice of the basis for the Hilbert space. 

Our second comment is concerned with the construction of the 
bracket of any two variables at different times. Using the notation 
z a = (a^-jfy z a = (iS-F*), z a = (F\^-).... where a = 1,2, ...In 
and i, j = 1, 2, ...n, the Poisson brackets at different times are 

[z a (t), z p (t + St)] = a at3 + G a ?(t)St + X - (§- t G af3 + B a ^ (St) 2 + ..., 

up to second order in St where 

B*? = [i a (t),z?(t)], Q af3 = [z a (t),z?(t)], 

and 



0» gw 



with g tJ and B %3 defined in the usual way. The relation between this 
brackets and the Peierls brackets is outside the scope of the present 
letter. We only mention that in the limit 9 — * we can relate this 
result with the standard result obtained from the covariant Peierls 
brackets [15] . In that case we can construct from the Green function 
the CCR at different times. When a Lagrangian for the equations of 
motion exists the result is E 



for a = i,(3 = j 

G"(t, t + St) = gVSt + \ + (St) 2 + ..., 

for a = i, /3 = j + n 

G#(t, t + St) = g^ + + bA (St) + ..., 

for a = i + n, (3 = j + n 

G ij (t,t + St) = B ij + 0(St) + . . . , 

where in terms of a second order Lagrangian 

dL 

^ dx l dxi ' 
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^ \dx k dx l dx k dx l ) 
The equal time Poisson brackets are 

[a;*, = 0, [x\ x J '] = [xS = 

as expected. 

4 Conclusions 

In this letter we have studied the problem of the dynamical compati- 
bility between a given set of equations of motion in configuration space 
and a symplectic structure. Generalizing a previous result that states 
that this dynamical compatibility can be related to the inverse prob- 
lem of the calculus of variations we have presented here new dynamical 
conditions that could be seen as a deformation of the Helmholtz con- 
ditions. We were limiting ourselves to the case where the bracket 
between the configuration variables is a constant antisymmetric ma- 
trix. Surprisingly the deformed problem has a generic solution for 
the new dynamical compatibility conditions in terms of a "potential 
function" for the forces of the form (jJJJ) . 

We can ask if these new conditions are the integrability equations 
of the inverse problem of the calculus of variations of some sort of 
generalized noncommutative dynamics. It could be the case that a 
particular deformation of the equations of motion by adding some 6 
dependent terms can be related with the conditions obtained here. 
This is an open interesting problem that we leave for a future work. 

We have also presented the deformed brackets at different times 
and we have compared them with the well known Peierls brackets 
associated with CCR. Our brackets at different times are the Peierls 
brackets when the deformation parameter is zero. The question if it 
is possible to relate the deformed brackets at different times with the 
Green function associated to the equations of motion is outside the 
scope of the present letter. 

Finally we will comment on the extension of our results to the case 
of field theory. The symplectic noncommutativity studied here have 
important consequences for the formulation of the corresponding field 
theory. In addition to the problem of the existence of a Lagrangian, 
the problem of the construction of a meaningful field theory with a 
well defined perturbative framework, a vacuum and asymptotic states 
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is not yet solved. Some drastic changes to the standard formulation 
of field theoretic methods are needed to solve these relevant ques- 
tions. Nevertheless we can speculate on some of the consequences 
that nonequivalent quantization can produce in field theory. It seems 
that the quantization of a Klein-Gordon equation for a set of non- 
interacting scalar fields using NCR produces a quantum interacting 
field theory that can be based on the oscillator quantization presented 
in the appendix. From the other hand it is not difficult to see that a 
Lagrangian function for a theory like </> 4 in the NCR approach does 
not exists. 

It is also worth noticing that by extending our results of section 
3 to field theory we could produce models that have some contact 
with Double Special Relativity (DSR) [20]. We can see that in fact 
this could be the case because an equation of motion of the form (fT8|) 
will produce in field theory some sort of deformed dispersion relations 
that in simple cases have the form of the deformed dispersion relations 
presented in recent DSR literature. 
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Appendix 

Let us consider the system of equations of motion that describe the 
isotropic harmonic oscillator in two dimensions 



According to our previous analysis this system admits at least two 
different consistent quantizations: a) the standard quantization, b) a 
NCR quantization. We will present here the b) quantization scheme. 
The symplectic structure is 



x l = -uj 2 x\ 



(24) 



[x, y]=9 





and the other brackets are zero. 
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Defining a first order system with the momenta given by 



Px = x, p y = y, 

the Hamiltonian can be constructed and is 
1 



H 



i - 9 2 uj 2 



1,9 o, UJ 2 



7,{pI +P 2 y ) + —{x 2 + V 2 ) + Ou 2 (xp y - yp x ) 



We choose a basis for the Hilbert space {| x,p y )} such that the oper- 
ators x and p y acts in a multiplicative way, and 

d d 

(x,p y \p x = [-i— + i9uj 2 —](x,p y \, (25) 
d d 

(x,p y | y = [i-^- - iO—)(x,p y | . (26) 

The Hamiltonian can be expressed in terms of the energy operator 
E = i(Px+Py) + ^(^ 2 +y 2 ) an d the angular momentum operator L = 
x Py — yi>xi which commute with each other. An energy and angular 
momentum basis can be constructed using creation and annihilation 
operators of "+" and "-" quanta |2*T] . 

Given the usual a\ = -k={oox+ip x ) and a 2 = —k={wy+ip v ), define 
the operators 

1 1 

A + = — (ai - ia 2 ), A- = —(cii + ia 2 ), 
V 2 v 2 

and then 

n± = aIa±, 

in terms of which the energy and angular momentum reads 

E = uj(N+ + N- + 1), 

L = N + — N- . 
The operators A± and A\_ satisfies the commutators 

[4,4] = (itM, 

and the rest are zero. So, the commutator of these operators with 
N + + iV_ and L gives 

[N+ + N„,A±] = -(l T Bu)A±, [N+ + N-,Al] =(1tM4, 
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[L, A±] = T (l T Ou)A±, [L, A±] = ±(1 T M4- 

With this information we can conclude that A± and A± annihilates 
and creates quanta. If | rj, A) is an eigenvector of N + + N- and L with 
eigenvalues r\ and A respectively, we then have 

A±\ v ,\) h»i-(itM,At(itH), 

and 

A\ I ??, A) ~| r] + (1 T M, A ± (1 T ^))- 

From the positivity of the energy we know that a state that is anni- 
hilated by A± exists and can be written as 

A± | 0,A ) = 0^ (x, Py | A ± | 0,A ) =0. 

From this two equations and using the representation given by (|25jl 
and Q26JI we found the normalized wave function for the lowest energy 
state 



(l-^ 2 )4^? 



Now, from L | 0, Ao) = Ao | 0, Ao), we can calculate Ao = —9u>. 

From this vacuum state the energy spectrum can be calculated. 
The result is 



(m + n) + Quj{m — n), — (m — n) — 0Lu(m + n + 1)) 

1 (AinAtr \o-ou), 



2\/ mini 

with the energy spectrum given by 



E m ,n = oj[(m + n) + 0uj{m — n) + 1]. 



References 

[1] A Connes, M.R. Douglas and A. Schwarz, Noncommutative ge- 
ometry and matrix theory: Compactification on tori, JHEP 9802, 



003 (1998), |hei>th/9711162[ 



[2] N. Seiberg and E. Witten, String Theory and Noncommutative 
Geometry, JHEP 9909 032, (1999). hep-th/9908142 . 



16 



[3] N. Seiberg, L. Susskind, N. Toumbas, "Strings in Back- 
ground Electric Field, Space/Time Noncommutativity and A 
New Noncritical Strin g Theory", JHEP 0006, 021 (2000) 
arXiv:hep-th/0005040 . R. Gopakumar, J. M. Maldacena, 
S. Minwalla and A. Strominger, "S-duality and noncommutative 
gauge theory," JHEP 0006, 036 (2000) arXiv:hep-th/0005048| . 

[4] M.R. Douglas and N.A. Nekrasov, Noncommutative Field Theory, 
Rev. Mod. Phys. 73, 977-1029 (2001). J. Harvey, Komaba Lectures 
on Noncommutative Solitons and D-Branes, hep-th/0102076. 

[5] M. Kontsevich, Deformation Quantization of Poisson Manifolds, 
|q-arg/9709040[ 



[6] Alberto S. Cattaneo and Giovanni Felder, A Path Integral Ap- 



proach to the Kontsevich Formula, 


math-qa/9902090 


Poisson 


Sigma Models and Deformation Quantization, 


hep-th/0102208 



V. Schomerus, D-branes and Deformation Quantization, JHEP 
9906 (1999) 030. |hep-th/9 903205 

[7] J. M. Carmona, J. L. Cortes, J. Gamboa and F. Mendez, 
"Quantum theory of noncommutative fields," JHEP 0303, 
058 (2003) |arXiv:hep-th7 0301248 . J. Gamboa, J. Lopez- 
Sarrion and A. P. Polychronakos, "Ultraviolet modified pho- 
tons and anisotropies in the cosmic microwave background ra- 
diation," arXiv:hep-ph/0510113 A. Das, J. Gamboa, J. Lopez- 
Sarrion and F. A. Schaposnik, "Gauge field theory in the in- 
frared regime," arXiv:hep-th/0510002 . H. Falomir, J. Gam- 
boa, J. Lopez-Sarrion, F. Mendez and A. J. da Silva, "Con- 
finement as an infrared Lorentz invariance violation effect," 
arXiv:hep-th/0504032 J. L. Cortes and J. Gamboa, "Quantum 
uncertainty in doubly special relativity," Phys. Rev. D 71, 065015 
(2005) |arXiv:hep-th/0405285| . 

[8] S. Hojman and L.C. Shepley, No Lagrangian? No quantization!, 
J. Math, Phys. 32 142 (1991). 

[9] C. Acatrinei, "Lagrangian versus quantization," J. Phys. A 37, 
1225 (2004) |arXiv:hep-th/0212321| . 

[10] A. Boulahoual and M. B. Sedra, "Noncommutative geometry 
framework and the Feynman's proof of Maxwell equations," J. 
Math. Phys. 44, 5888 (2003) arXiv:hep-th/0308079| . 

[11] S Hojman, Symmetries of Lagrangians and of their equations of 
motion J. Phys. A: Math. Gen. 17 No 12 (1984) 2399-2412. 



17 



[12] J. A. Garcia, J. D. Vergara and L. F. Urrutia, "BRST-BFV 
method for nonstationary systems," Phys. Rev. D 51, 5806 (1995) 
|arXiv:hep-th/9608178l . 

[13] Ian Anderson and G. Thompson, The Inverse Problem of the Cal- 
culus of Variations for Ordinary Differential Equations, Memoirs 
of the Amer. Math. Soc. 98 1 (1992). I. Anderson, Introduction 
to the variational Bicomplex, Contemporary Mathematics 132, 
51 (1992). 

[14] S.P. Novikov, The Hamiltonian Formalism and the Many value 
analogue of Morse Theory, Russian Math. Surveys 37:5 1 (1982). 

[15] R. E. Peierls, Proc. Roy. Soc. (London)214 (1952), 143-157. 
B. S. DeWitt,"The global approach to quantum field theory. Vol. 
1, 2," Int. Ser. Monogr. Phys. 114, 1 (2003). 

[16] M. Henneaux, Equations of motion, commutation relations and 
ambiguities in the Lagrangian formalism, Annals Phys. 140 
(1982) 45-64. 

[17] I. Cortese and J. A. Garcia, "Lagrangian and noncommutativity," 
|arXiv:hep-th/0305045| 

[18] S. Hojman and L. F. Urrutia, "First Order Approach To The 
Inverse Problem Of The Calculus Of Variation," J. Math. Phys. 
22, 1896 (1981). 

[19] V. P. Nair and A. P. Polychronakos, "Quantum mechanics on 
the noncommutative plane and sphere," Phys. Lett. B 505, 267 
(2001) |arXiv:hep-th/0011172| . 

[20] J. Magueijo and L. Smolin, "Generalized Lorentz invariance with 
an invariant energy scale," Phys. Rev. D 67, 044017 (2003) 
|arXiv:gr-qc/020708"5| . 

[21] A. Messiah "Quantum Mechanics", John Wiley & Sons, New 
York, 1958. 



18 



